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1 Characteristic Functions

For weak convergence of probability measures on R%, or equivalently weak convergence of
R%valued random variables, an important convergence determining class of functions are
functions of the form f(z) = €*%, with ¢t € R%. They lead to

Definition 1.1 [Characteristic Function] Let X be a R%-valued random variable with dis-
tribution p on RY. Then the characteristic function of X (or p) is defined to be

$(t) := E[e"¥X] = /e“'zu(dx).

When p has a density with respect to Lebesgue measure, i.e., p(dz) = p(z)dz, @(-) is just
the Fourier transform of the function p(-). Therefore in general, we can think of ¢(-) as the
Fourier transform of the measure p.

Here are some properties which are immediate from the definition:
Proposition 1.2 [Properties of Characteristic Functions]
(i) Since e*® = costz + isintz has bounded real and imaginary parts, ¢(t) is well-defined.
(ii) ¢(0) =1 and |p(t)| < 1 for all t € RY.
(iii) ¢ is uniformly continuous on R, More precisely,

|6t + 1) — $(¢)] = [E[HDX] — E[e*¥]| = [E[e™ (¥ — 1)]| < E[le™* - 1]

which tends to 0 as h — 0 by the bounded convergence theorem.

(iv) The complex conjugate of ¢, @(t), is the characteristic function of (=X), and 6(t) e R
for all t € RY if X T (—X). ‘

(v) For a € R and b € R%, aX + b has characteristic function o(t) = eto(at).

(vi) If and X andY are two independent random variables with characteristic functions ox
and ¢y, then X +Y has characteristic function ¢x 1y (t) = E[eXHY)] = ¢x(t)dy (2).

?X\Z. 7%/- Proposition 1.3 [Common Distributions and Their Characteristic Functions]
L s,

EXW""/”VMS ( (a) i-"he delta measure at a € R: p(dz) = §,(dz). Then ¢(t) = giat

Semizaa”

by

{ (b) The coin flip: p({1}) = w({~1}) = 1. Then ¢(t) = CH = cost.

(c“)" The Poisson distribution with parameter A > 0: u({n}) = e"\% forn € {0}UN. Then
d)(t) —e A E;’:’zo eitn_;\_l’T‘ = e~ A(1—e)

(d) The compound Poisson distribution: X = Z;[::l Y:, where T has Poisson distribution
with parameter A, and (Y;i)ien is an independent sequence of 4.4.d. random variables with
characteristic function ¥(-). Then ¢(t) = E[e?*X] = ¢=(1-¥(®),

1
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